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Abstract: The existence of nonresponse in survey sampling has engendered inconsistencies in the estimation of population
parameter. Such estimation, being characterized by nonresponse bias has become a rule rather than the exception in survey
sampling, and this has been long acknowledged in the literature. Several authors have come up with different techniques such
as subsampling the nonresponse, imputation, and calibration to curb this menace. An attempt to overcome the challenges faced
in existing works, this study considered the estimation of finite population mean using calibration approach with subsampling
the nonrespondents. Owning to the fact that calibration estimation has been found to reduce bias and improve efficiency of
estimators. The classical estimator by Hansen and Hurwitz for estimating the population mean with subsampling the
nonrespondents is calibrated upon using the chi square distance function, and different choices of the tunning parameter result
in the calibration estimators of combined regression and ratio. Expressions for the bias, variance and mean square error (MSE)
of the proposed estimators are derived and their properties studied. Again, the optimum conditions under which the suggested
estimators have minimum variance and MSE are equally provided. Both efficiency and empirical comparisons are in favor of
the proposed estimators, and suggest that the proposed estimators are more efficient and reliable with high precision than the
existing estimators even in double sampling. In addition, expressions for optimal sample sizes with respect to the cost of the
survey have been derived to validate the superiority of the proposed estimators, and the empirical investigation confirms the
proposed estimators as highly preferable.
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1. Introduction

In sample survey, the term non-response refers to the
failure to collect information from one or more
respondents on one or more variables. This becomes
challenging in estimation, as the estimates of the
population characteristics may be highly biased, and
consequently may lead to wrong conclusions. Overtime,
the usual estimation methods where the nonresponse is
ignored assumed that the estimates based on the
respondents are representatives of the combined
population of respondents and non-respondents, and this
assumption leads to an unknown bias. In order to utilize
the advantages, M. H. Hansen and N. W. Hurwitz [1]

developed an estimator which was the weighted mean of
two estimators: the sample mean based on the units
responded, and the sample mean based on the units of the
sub-sample selected from the non-respondents.

M. H. Hansen and N. W. Hurwitz [1] presented a
classical estimator for estimation of mean of a characteristic
of interest with subsampling the non-respondents suitable
for different practical situations. Authors like K. M.
Chaudhary et al. [2], K. M. Chaudhary, V. K. Singh and R.
K. Shukla [3], S. Kumar [4], K. M. Chaudhary and A.
Kumar [5], and A. Sanaullah, I. Elisan and M. Noor-UI-
Amin [6] etc. are among the several authors who have
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adopted or extended the M. H. Hansen and N. W. Hurwitz
[1] estimator by utilizing supplementary information and
some known population parameters of the auxiliary variable
using the conventional methods to obtain improved
estimates of the population total/mean of the study variable.
To further enhance the performance of estimators with
subsampling the nonrespondents using two auxiliary
variables, G. N. Singh and M. Usman [7] suggested some
regression-cum-ratio estimators to estimate the population
mean while N. Garib and U. Mahamood [8] proposed both
difference and ratio estimators for the estimation of
population distribution function of the study variable. The
authors concluded that estimators with two auxiliary
variables performed better than those with single auxiliary
variable.

In the progression to improve on the estimator of the
population mean, A. E. Anieting and E. I. Enang [9], A. E.
Anieting, E. I. Enang and C. E. Onwukwe [10], S. Guha and
H. Chandra [11], and M. K Chaudhary, A. Kumar, and G. K.
Vishwarkarma [12] extended the pioneer work on
subsampling the nonrespondents by Hansen and Hurwitz to
double sampling. However, M. J. Iseh and K. J. Bassey [13-
14] suggested an estimator in small area estimation in the
presence of nonresponse using calibration technique to
improve on both sample size as well as gain in efficiency,
and their estimators had an overwhelming less bias and gain
in efficiency.

The question now becomes; what difference will
calibration techniques make, since it is the process of
incorporating auxiliary variable(s) into the existing
estimator?

This becomes testable following the argument by J. C.
Deville and C. E. Sarndal [15] in support of the calibration
approach. They argued that if the calibration constraint is
satisfied for unbiasedness of the auxiliary variable that it
will be reasonably profitable to combine the calibration
weight with the sample mean/total of the study variable in
practice, if the auxiliary variable and the study variable
are strongly correlated either positively or negatively. This
concept of calibration was also proven to be fruitful in M.
J. Iseh, and E. I. Enang [16], where the use of auxiliary
variable was seen to greatly reduced the bias of the
synthetic estimator.

Believing we make a good choice of the calibration
constraints, this approach will be more beneficial to
researchers in practical sense than the conventional approach
of formulating estimators of the study variable.

As an attempt in this direction, to bridge the gap in
choosing from a list of available population parameters of the
auxiliary variable, and methods of combining them, this
study employs the calibration approach to achieve a reliable
and preferable result. Two estimators are proposed from the
existing classical estimator of M. H. Hansen and N. W.
Hurwitz [1] through the conceptualization of calibration
technique.

2. Sampling Design

Consider a population of size N divided into k strata. Let
N; be the size of it" stratum (i = 1,2,3........... ,k) and a
sample of size n; is drawn from the i" stratum using
SRSWOR scheme such that ¥¥ . n; = n. It is assumed that
nonresponse is detected on the study variable Y only and
auxiliary variable X is free from nonresponse. Also, assume
that of the n; units, n;; respond and n;, = n; — n; fail to
respond. Adopting M. H. Hansen and N. W. Hurwitz [1]
techniques of subsampling the non-respondents, a sub sample
of u;, = %, ki = 1 unit is selected from the sample of n;,

nonrepondents and information is collected from all of them.
Due to the detection of nonresponse in the study variable, the
classical estimator is being calibrated upon in order to
compensate for nonresponse bias and high variance of the
estimate.

2.1. Hansen and Hurwitz Classical Estimator

A classical estimator proposed by M. H. Hansen and N. W.
Hurwitz [1] for estimating the population mean with
subsampling the non-respondents is given as follows:

}_’;t = Z{(=1 P }_’;

Ni1 Yni1 +10i2 Vuiz2

where §{ = -
i

(Ki-1)
n

V(i) =2, 6 PSE + T, PEW,SZ, (1)

i
where S7;; and SZ;, are respectively the mean squares of
entire group and non-response group of study variables in the
. . 101 i
population for the it stratum. f; = (— - —) ki = i1 P, =
N N nj Nj Uiz
~> and W, = N—‘Z is the non-response rate of the i™™ stratum
i
in the population.

2.2. Some Existing Estimators with Auxiliary Variable

Some existing estimators for population mean in stratified
sampling with single auxiliary variable with subsampling the
non-respondents are presented as follows:

K. M. Chaudhary, et al. [2] Ratio Estimator.

A separate ratio estimator of population mean Y proposed
by K. M. Chaudhary, et al. [2] is given as

To=YI, R T

a)_(i+ b g
o (a%st+ b)+ (1-0) (aXj+ b)
Ifo=1a=1b=0andg= -1,
The estimator gives

where Ty =y; [

—x Xj

T =X RV g

And the bias and mean square error given as

= +1
B(Ty) =Yk, =R LY, [% 0°A{ C%; — ok gp; CyiCyi
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MSE (T,) =3I, P2 [ 72 (C3 + C2 0222 — 2008 p; CyiCyi) + 2 W, 52, 2)
52 (ki [ _1)
MSE (Ts)min=211 P? [fi Y? (Cii + CZ oA — 2hog p; CyiCyi) + ﬁ Wi, Sszﬁz]

K. M. Chaudhary, V. K. Singh and R. K. Shukla [3] Combined Ratio Estimator.
A combined ratio type estimator proposed by K. M. Chaudhary, V. K. Singh and R. K. Shukla [3] with subsampling the non-
respondents is given as

(A+CO)X fBXgt ]

Trc (0) = ¥st [(A+B))?+C>‘<5t

Where A= (c0—1)(6—2),B=(c—1)(c—4),C=(c—3)(c —2)(c — 4),

G>Of 1_* lePY1 andXst_lepxl

MSE(Tic(0)) = 2{;1 f, P? [SZi + $(0)*RS? — 2 (0)Rp;SxiSyi] (3)
_ c-fB
where ¢(0) = A+fB+C
K. M. Chaudhary and A. Kumar [5] Generalized Combined Ratio Estimator.
A family of combined ratio-type estimators proposed by K. M. Chaudhary and A. Kumar [5] with subsampling the
nonrespondents is given as follows:

T = afl+b 9
¢ = Vst «(axst+b)+(1-o))(axl,+b)
With mean square error given as
12 * (ki_l)
MSE(T!) = 3k fi p2SEi + Xk fi 0P (S5 + 924 R? o SE — 2gAR o p;SyiSyi) + Xy ni Wi, p?Sy; 4)

1 b _
Where f/ = (n' ) fi= (n_l_ n—{), A== KX
2.3. Some Existing Estimators Under Double Sampling

Estimator from A. E. Anieting and E. 1. Enang [9]
A product-ratio estimator under double sampling proposed by A. E. Anieting and E. I. Enang [9] is given as follows

_ Xgp+@
Tae: * ( st )
Vst et

Where ® = ¥¥ , C,;

S5* — Vk S*.
Vot = Li=1 P Vis
¥ — Nia¥nir+NizVniz

L nl

where ¥}, = Y, P, ¥/ and mean square error given as

MSE(Tae) =
e S [(2 - 2) ] - 2o (2 s e (2 - ) st - o

13

o) P2piSuSy: +2aR| + T (7 = 1) oSSy + Bh (5 = ) PESE + 2 PWSE]} (9)

WhereR—:,a— andb—%,
Estimator from A. E. Anletlng, E. I. Enang and C. E. Onwukwe [10].
An estimator of population mean proposed by A. E. Anieting, E. I. Enang and C. E. Onwukwe [10] in double sampling with

subsampling the nonrespondents using single auxiliary variable as follows:

Tael = yg, (M)

Xst—Pi
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with mean square error
MSE(Tael) =

R e o o

1 (k=1
2 () REkn (5 =) oSSy + B (2 — ) P22 | ©)

% \? 1 1 X \? 1 1
MSE(Tael)mpm = {(g__pl) R? €{=1 [(ni(opt) - N_l> piZS,?i] B ()?+pi) R? {( L [( Nl) Pi SJ?L] — 2R (X+p ) f{=1 (ni(opt) B

L(Opt)
1 X
N_t) P?pipiSxiSyi + 2 (m) REL 1(

1 1 1\ (Kicop)—1
- N_l) P PiSxiSyi + Xl [( - N_)( —— )Pi VVLZS}%I.Z:I}

1(opt) Ni(opt) Ni(opt)

3. Proposed Estimators
Motivated by M. H. Hansen and N. W. Hurwitz [1], we proposed the following estimator
o =2 O ()

where (); is the calibration weight chosen such that the distance function.

S ( ‘q p‘) is minimize subject to the calibration constraint

T % =X ®)
And the optimization problem becomes
o=k, P ‘) — 223X, ;% — X]
which is minimized with respect to the calibration weights such that
Q; = B[1 + Ax;qi] ©)

Substituting Eq. (9) in Eq. (8), and solving for A yields.
A= [X T, Py ‘] Using the value of A in Eq. (7) gives the required calibration estimator

l 1Pl i
= =+ [X-Xiz1 PiXi
Zl 1P Y1 + Zl 1P1q1 iYi [k—l_xz] (10)
Yi=1 PigiX
By Setting q; = 1 in Eq. (10) gives

= =% 21 PiXj i

YCreg: Z%(zl l:)i Yi Z 1 PX 5 [X Z ]
i=1 1 i

which is in the form of the combined regression, and can be written as

Vereg = Zica P ¥i + BX - ZiL 1 Pi%i ] (11
5 _ Ziipi%yi
where § = SE pix?
using Taylor’s series approximation method, we proceed as follows in deriving the variance of the suggested estimator in Eq.
(11).
Let,
yi = Yi(1+ep)
)_(i = Xl(l + el)

E(ep) = E(e;) =0

v(y; (ki 1)
E(e}) = (—yz fiC% +

2
W12 Sy12
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E(e}) = = fiCh

Co X
E (eoel) - % - 1p1Cy1Cx1

52 sZ;

where f, = (nil - Nil), C% = )’(‘52, Ch= ;’;2
E (Fireg) = 2ic B Yi(1 + E(ep)) + B[X — T, PXi (1 + E(ep))]
=Y +B[X —X]
-7
V (Fireg) = ElTireg — EFires)]”
= E[Z, Ry + B(X — 2k, P%) - V]’
=E[S, RV +e) + B(X - X, RX (1 +e))) - Y]Z
= B2 (5= ) Sh SR WSE, | + BRI B (S ) SE - 2B PR e (T 1) SySa (12)
Optimum Choice of

From Eq. (12)

0V(§<[:3reg) ZBZ P ( — ) — ZZ 1P2 ( i_Nii) SyiSxi = 0

k 2 1 1
G Yi=1Pj Pi(n_i_N_i)Syini
- k p2(l_1)\c2
Tz, P (n_i_N_i)Sxi

Substituting the value of B in Eq. (12)

T, Pip; iAsini2 hs ?ii_; iSxi
V(Ycreg) Zk 1 PZ [(n_ - _) SZ (Kl k W12532712] [ s ( Nl) - ] 2};1 Pi2 (ni, - Nil) S’%i -2 [ Zlkp iz((ni_iil);s!;us ]Z?ﬂ Pizpi (nil B

: T P sk
Nl,) Syin1
V(Tireg) = T P (2= ) S5 — (5 — 1) p2SE + 2 W2 | (13)

Optimum Sample Size Determination for n; and k;
Let C;y be he cost per unit of selecting ny, units, C;; be the cost per unit in enumerating n;; units and C;, be the cost per unit

of enumerating n;, units, then the total cost for the i™" stratum is given by C; = Cjon; + Ci;nyy + Cipni, Vi=1,2,...,k.
Now, we consider the average cost per stratum

Wiz

E (C) =1y [ClO + C11W11 + C12 K;

Thus the total cost over all the strata becomes
Co = Z%(:l E (Ci)

Wl
Co = Ziami[Cio + Cix Wiy + Cip 32 (14)

12 K;

Consider the Lagrange function

¢ = V(y;reg) + uCo

1 1 1 (Kl 1) Wi
¢ = 2 P [(_1 - _> S}zrl - (n_l - N; ) 912851 WlZ yi2 + I”"Zl 114 [CIO + CinWip + G, 2]] (15)
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0P 1
e __P.Zsz
dan; ni2 !

(Kl 1)

Wi
PPWizSJiz + 7 7SHP? + 1 (Cio + CiaWi +Cip (2) = 0

\/Pz[(l p7)S5i+ (Ki=DWizS5, |

\/H(C10+C11Wi1+cilei2)

Again, by taking partial derivative of Eq. (15) with respect to K;

0;0 pf WlZSyIZ nC Wi, 0
0K; n; — un;Lip Ki2
K. = unf Cip
i— P2S. -
i Syiz
2
_ P} SylzK
n; C12
JVi= PiSyi2Kj
njy/Ciz

Substitute Eq. (18) in Eq. (16) gives

Pi\/[(l—pf)s i +H(K—1)Wi,S2,, |
N = 555K

IiPyizti (C. £Ci Wis 4C; W_)

"i@ i0 i1vvil i2 Ki

Then solving for K; in Eq. (17) becomes

K \/[(1—912)5 WIZSylz]CiZ
i(opt) Syizy/(Cio+Ci1 Wiy)

Bi+/C;
K' — 1 i2
i(opt) SyizAj

Co CWi), and By = [[(1 - p7)S5; — W5
substituting Eq. (20) in Eq. (16), we have
P [BZ+Wizs32/i2\/c_i23i]
1 i Ah

W;i,S2.. B /G
2 i2 yi2—1 i2
Jﬁin g

To obtain njqp¢, we substitute Eq. (21) and Eq. (20) in Eq. (14)

n; =

/Ci5BiW;, Sy
2 i22iWi22yi2
Bi+————

k Pi Aj W;
— _Viz2
Co = i=1 Cio + Ci1Wiy + Ciz =57 \/—B |
2, VCi2AiWi2Syiz Y
lx/ﬁ Af+ B SyizAj J

CoViL = Z}Ll[Pi(BiAi + \/Eizwizsin)]
Vit = éz%(zl[Pi(BiAi VG WiaSyio )|

p.c. B2 Wi2Syiz2v/Ci2Bj
1o i+ Aj

Ili(opt)
A2 vcizwizsyizAi
it Bj

TK [Pi(BiA+VCiz Wiz Syiz)]

Substituting Eq. (22) in Eq. (13) gives the minimum variance of the proposed estimator.

(16)

)

(18)

(19)

(20)

€2y

(22)
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=% Kiopt)—1
Vmin (YCreg) = Z?:l 1:’iz {( : - Ni,) [(1 - piz)S;i] M + Wizs}z,iz} (23)

Nj(opt) Di(opt)

3.1. The Proposed Combined Ratio Estimator

Setting q; = %in Eq. (10) gives

o _ I P g
7 = il g (4)

which is in the form of combined ratio estimator with subsampling the non-respondents. Since it is a ratio estimator, it is
assumed biased, and the bias is derived as follows

=% __ Z¥:1 Piyi(l"'eo)_
Yor = Sk 7.
Yi=1 PiXi(1+eq)

Vor = ?:1 P 71(1 +e))(1+ 91)_1

By Taylor’s approximation method, we have
< 1
Vor = Z P Yi(1+eo) [1 —erts (14 1)e%]
i=1

Vo= Y= Z%(=1 P Yi[eo — e, +ef — egeq] (25)
Taking expectation of Eq. (25) to the first order of approximation, we obtain
EF& —Y) =BT = DS P ViE(eo —e; + ef —egey)
BE)=Zit B (5 =) (G — piCyi G (26)
Squaring both sides of Eq. (25), and taking expectation of both sides gives

E(fe — Y2 = XK, P2 Y2 [E (e2) — 2 E(epe;) + E(e?)]

(Ki-1)

nj

- s2[f1 1
MSE(3:,) = S B2V [(3— ) (i + Ch = 201CiC) + T2 Wi 3 | @7)
3.2. Optimum Sample Size Determination for n; and k;

Recall the total cost over all strata in Eq. (14), then the optimization problem becomes

A=V(ye) + AC, (28)
A=3E P?Y? [(nl, - Nil) (szi +CE - Zpicyicxi) + (Kini_l) Wi, sziz] +AXE 0 [Cio + Gy Wi + Cj, WTllz (29)
aa_:i = —:—:2 [Y7 (C3i + C& — 2piCyiCyi) + (Ki — W, SZ,] +24 [Cio +Cis Wi + Gy, WK_'lz =0
\/[?iz(cf,i+c§i—2picyicxi)+ (ki—1)Wi, sf,iz]
(30)

nl - pl W,
‘/X\/Cio"'cil Wi+ CizK—§2
1

Again, taking the partial derivative of Eq. (29) with respect to K;

2 2
A _ PiWisSyip A C Wiz _ 0
= —MC, =
0K; n{ Kj

An? G . . .
K; = 2‘ -2 Squaring both sides, and solving for A, we have
P{S¥iz
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3 = FistieK?
l’liZCiz
P;iSyi2Kj

VA = 2= 31
" Gl

Substitute Eq. (31) in Eq. (30), and solve for Kjqp¢

\/Y’iz (C?,i+C,2d—2 PiCyi Cxi )+(Ki—1)Wi2 S?/iz

n.=P
1 1 K;Pj Syi2

Whj
(Cio+ Ci1Wi1+Ciz — 12)

1;/Ciz i
\/[?iz (C§/i+cyz<i_ZPiCyi Cxi )—Wizs_éizl Ciz
Kicopy = Syiad Gt CrWis
_ DiyGi
Kiopt - SyizAi (32)
where A; =/ Cjp + C;1Wjq, and
D; = J [Y? (CZ + CZ — 2 piCy; Cx; ) — WipS2,] Substituting Eq. (32) in Eq. (30), we express n; as follows
P; |DZ, 7Wizsyijmbi
n; = l (33)
ﬁjA?+ mwg%syizDi
As before, to obtain the value of VA in terms of the total cost, we substitute Eq. (33) and Eq. (32) in Eq. (14)
) P Diz+@Di1‘x/\iliZSYi2 e
Co = izt Cio + CisWiy + Ciz 7=
P Dz+@DiWizsyiz
A Aj JCizA{WizSyi
Co\/i = Z{(:l IRy (Af 4 Y2 = 2 yz)
k\]AiZ‘*' i2 1D.12 yi2 J
CoVA = Zi [Pi\/ (DPAF + 2DANC;, WigSyiz + cizwiéS;z)]
1
VA= B [P(BiA; + VT, WizSyiz)] (34)
substituting Eq. (34) in Eq. (33), we obtain the optimum sample size as
PiCo D2, Wiz Syizy/CizDi
ito (Vi —Ai
(35)

1lliopt -
VCi2WizSyizAj Lk VG, W
\]Aiz+ D—izi=1[Pi(DiAi+ CizWizSyiz)]

Therefore, by substituting Eq. (35) in Eq. (27), the minimum mean square error of the proposed calibration ratio estimator
with subsampling the non-respondents is obtain as

— S 1 1 Kiopt)—1
MSE@ardmon = Zhoa B2 [T (= ) (CB + € — 20,CyiC) + 0w 52, (36)

Nj(opt) Di(opt)
3.3. Efficiency Comparison of the Proposed Estimators with the Existing Estimators Under Single Stage Sampling

Condition I: Comparing Eq. (27) with Eq. (1)
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MSE (¥er) < V(s if

(Ki—1)

nj

(Ki—1)
Wi, S, < T, P*f;S5; + YK, P? W, S?

i1 PPYP6(CJ; + C — 2piCyiCy) + n iy2
= Csz,l + C)z(l - ZpiCyicxi < C}Z]]
2

Cs.
ZCinxi

If this condition is satisfied, then MSE (¥¢,) will be better than V(y3;)
Condition II: Comparing Eq. (13) with Eq. (1)
V(Tireg) < Vs if

Kj-1

nj

Kj-1
i1 P2 [fis}zri — pifiSyi + (n_l) Wi25§iz] <X PPAiSS + Xi P ( )Wiz Syiz

= (1 - pP)fiSy < fiS5;
=1-p?<0
=pi<1

If this condition is satisfied, then V(yéreg) will be better than V(¥3;)
Condition III: Comparing Eq. (27) with Eq. (2)

MSE (%) < MSE(T) if

(K

K, P2 [Yizfi(c}zli +CZ — 2p;Cy;iCy) + (kln—_ll) Wizsizyz] <TE,P? [Yizfi(c}zli + CZ0Af — 220gp;CyiCyi) + in_il) Wizsizyz]
= Cg — 2p;iC4iCy; < CHo%A} — 200gp;CyiCy;
By settingo = 1,A=1,andg = —1
= Cgi— 2p;CyiCy; < Cai + 2p;CyiCy;
= 4p;C;;Cyy > 0
=p; >0

MSE (y¢,) will be more efficient if the following conditions are satisfied; p; > 0,06 = 1,A = 1,and g = —1.
Condition IV: Comparing Eq. (13) with Eq. (2)

V(Vireg) < MSE(Ty) if
k pz [f-SZ- — p2f;S2, +(E)w- sz ]<2¥< p2 [f-?.z(cz. + 0?A2g2CE — 2X0;8p;CyiCyi) + N W, 52
i=1"1 iYyi Pi T yi n; i2Vyi2 i=1"1 1% yi 0" A 87 Lxi 0i8Pi yivxi n; i2Viy2
SH(1 —pf) < Y2(CZi + 0%Afg2CE — 2A0;gpiCxiCys

Again, by settingo = 1,A=1,and g = —1,
V(}_/éreg) will be more efficient if and only if;

Forp; >0
= S%(1 —pP) = Y2(CZi + CZ + 2piCyiCy) <O
Forp; =0
=C5>0
Forp; =1

= Y2(C2 + CZ4 + 2CyCy) > 1
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4. Empirical Study

This section will deal extensively on numerical analysis to validate the theoretical results earlier derived. Data considered is
from N. Koyuncu, and C. Kadilar [17] used for the single stage sampling.

Table 1. Data statistics from koyuncu and kadilar (2009).

Stratumno. N, n; Y, X; Syi Sxi Sxyi 0; Sviz
1 127 31 703.74 20804.59 883.835 30486.751 25237153.52 0.936 440
2 117 21 413.00 9211.79 644.922 15180.769 9747942.85 0.996 200
3 103 29 573.71 14309.30 1033.467 27549.697 28294397.04 0.994 400
4 170 39 424.66 9478.85 810.585 18218.931 14523885.53 0.983 405
5 205 22 527.03 5569.95 403.654 8497.776 3393591.75 0.989 180
6 201 39 393.84 12997.59 711.723 23094.141 1586473.97 0.965 300

Table 2. MSE and PRE of the proposed and existing estimators in single stage design.

W, K; V(s MSE(T,) V(Vereg) MSE(¥;) PRE(T,) PRE(Vireg) PRE(¥)
2.0 1443.1 1203.337 102.46 116.43 119.2 1408.452 1239.457
01 2.5 1461.3 1221.576 120.66 134.62 119.6 1211.089 1085.5
' 3.0 1479.5 1239.774 138.87 152.82 119.3 1065.385 968.1324
3.5 1497.7 1257.973 157.06 171.02 119.9 954.5846 875.7455
2.0 1500.3 1239.774 161.23 175.77 119.9 930.534 853.5586
02 2.5 15159 1236.172 175.86 189.22 120.1 861.9925 801.131
: 3.0 1552.3 1312.569 211.63 225.61 120.9 733.4971 688.0457
3.5 1588.7 1348.967 248.05 262.02 121.5 640.4757 606.3278
2.0 1612.5 1276.171 254.67 278.55 120.9 633.1723 578.8907
03 2.5 1620.4 1330.768 263.54 288.11 122.7 614.8592 562.4241
: 3.0 1625.9 1385.364 274.51 298.41 138.8 592.£2917 544.8544
3.5 1679.7 1430.690 290.34 353.01 157.6 578.5286 475.8222
2.0 1681.1 1312.569 320.11 359.87 161.3 525.1632 467.1409
0.4 2.5 1690.4 1385.364 340.45 368.45 175.6 496.5193 458.7868
: 3.0 1738.3 1458.195 383.87 410.43 211.3 452.8356 423.5314
3.5 11770.7 1530.954 430.03 444.00 248.5 411.762 398.8063

Table 3. Optimal sample sizes, costs of study and minimum variances.

C, = $17,357 C;; = $10,097 C;, = $6230

Wiz Ki l‘li(cr opt) Ki(cr opt) ni(creg opt) Ki(creg opt) MSE (Ts)min Vmin (yzreg) MSE (y;r)min
2.0 10 0.5 8 0.3 79.1 67.1 70.3
01 2.5 11 0.6 4 0.4 100.2 70.5 79.4
: 3.0 11 0.7 6 0.5 107.1 73.2 79.9
3.5 9 1.0 5 0.1 109.4 75.7 80.5
2.0 5 0.5 3 0.2 107.2 80.3 85.3
02 2.5 5 0.6 3 0.3 120.1 83.1 88.4
’ 3.0 6 0.7 3 0.4 120.9 87.3 90.1
3.5 5 1.0 3 0.1 123.1 89.5 95.7
2.0 10 0.5 5 0.4 120.8 90.4 95.9
03 2.5 8 0.6 4 0.5 131.7 90.7 99.8
’ 3.0 7 0.7 3 0.3 134.2 92.9 100.3
3.5 7 1.0 3 0.1 137.1 95.4 107.1
2.0 9 0.5 6 0.2 140.4 97.6 111.3
04 2.5 5 0.6 3 0.4 140.7 99.7 125.1
: 3.0 10 0.7 5 0.2 142.1 100.1 139.9
3.5 11 1.0 6 0.1 147.5 105.3 141.7

For the double sampling, data from K. M. Chaudhary and A. Kumar [5] is used to validate the theoretical claims as shown in Table 4.

Table 4. Data statistics from [5] for double sampling design.

Stratum No. N, n; n Y, X; s s2, P; S22

1 73 65 26 40.85 39.56 6389.1 6624.44 0.999 618.88
2 70 25 10 27.57 27.57 1051.07 1147.01 0.998 24091
3 97 48 19 25.44 25.44 2014.97 2205.4 0.999 265.52
4 44 11 5 20.36 20.36 538.47 485.27 0.997 83.69

Table 5. Variances and mses of the proposed and existing estimators under single/double sampling for different choices of W;, and K;.

Wi2 Ki V(y;t) MSE(TD MSE(Tae) MSE(Tael) V(?Zreg) MSE(yc*r)
2 34.42 6.28 4.66 438 0.19 0.21
0.1 2.5 34.67 6.54 4.92 4.64 0.29 0.30

3 34.92 6.79 5.17 4.89 0.38 0.39
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Wi2 Ki V(y;t) MSE(TD MSE(Tae) MSE(Tael) V(?Zreg) MSE(yc*r
2 34.92 6.79 5.26 4.89 0.38 0.39
0.2 2.5 3543 7.30 5.66 5.64 0.56 0.58
3 34.94 7.80 6.18 6.12 0.75 0.76
2 3543 7.30 5.66 5.40 0.56 0.58
0.3 2.5 36.19 8.06 6.44 6.43 0.48 0.85
3 36.95 8.86 7.22 7.12 1.11 1.12

Table 6. PRE of the proposed estimators under single phase with respect to Vg, and the existing double sampling estimators for the different choices of W;, and

K,
Wi2 Ki PRE(y;t) PRE(T::) PRE(Tae) PRE(Tael) PRE(ereg) PRE(er)
2 100 540.1 738.6 785.8 18115.8 16390.5
0.1 2.5 100 530.1 704.7 747.2 11955.2 11556.7
3 100 514.3 675.4 714.1 1294.8 1261.5
2 100 514.3 663.9 714.1 9189.4 8953.8
0.2 2.5 100 485.3 626.0 628.2 6326.8 6108.6
3 100 447.9 581.6 587.3 4658.7 4597.4
2 100 485.3 625.97 656.1 6326.786 6108.621
0.3 2.5 100 449.0 561.96 562.8 7539.583 4257.647
3 100 417.0 511.8 518.9 3328.829 3299.107
Table 7. Costs of study and optimal sample sizes.
o = $16327 c;; = $10,097 ¢, = $6,230
WiZ Ki ni(uel opt) ki(ael opt) Ki(cr opt) ni(cr opt) ni(creg opt) Ki(crey opt)
2 9.7 0.51 0.13 5.1 4.0 0.10
0.1 2.5 9.9 0.60 0.15 6.7 4.2 0.12
3 10.1 0.93 0.19 9.2 4.9 0.18
2 10.1 0.93 0.21 9.2 49 0.20
0.2 2.5 10.3 1.10 0.22 9.5 5.7 0.23
3 10.5 1.12 0.34 8.1 7.8 0.29
2 10.3 1.10 0.37 9.8 5.7 0.20
0.3 2.5 11.1 23 0.41 10.1 7.9 0.30
3 11.7 2.8 0.47 11.3 8.1 0.37

Table 8. Minimum mses and variance for optimal sample sizes of the proposed estimators and the existing double sampling estimator.

Wi K; Min MSE(T 401) Vinin(Fereg) MSE¥;) min
2 3.01 0.013 0.35
0.1 2.5 3.52 0.017 0.36
3 3.57 0.018 0.41
2 3.57 0.018 0.41
0.2 2.5 4.31 0.019 047
3 4.99 0.02 0.51
2 4.25 0.019 0.47
03 2.5 5.33 0.030 0.52
3 5.49 0.039 0.55

5. Discussion

From Table 2, it is observed that the estimator of the
proposed family certainly provides better estimates with
gains in efficiency as compared to the classical estimator
Vst , and the generalized ratio estimator by K. M.
Chaudhary, et al.[2] T;. It is also seen that the efficiency of
the existing estimators decrease rapidly with an increase in
non-response rate W, as well as with an increase in inverse
sampling rate K;. However, the loss in efficiency was not
remarkable in the proposed estimator. This outstanding
performance can clearly be attributed to the concept of
calibration as mentioned in the literature. Similarly, the
performance of the existing and proposed estimators were
examined for minimum variance and MSEs in Table 3, and
the result reveals that the suggested estimators
outperformed the existing estimator T in terms of gains in
efficiency with optimal sample sizes.

Again, considering also the data-set used by K. M.
Chaudhary and A. Kumar [5], it is observed from Tables 5
and 6 that the estimates of the population means for the
proposed estimators Y/, and Yz than the existing
estimators Vs;, To , T,e, and T, at different choices of
inverse sampling rates K;. In real life application, it suffices
to say that the proposed estimators are highly preferred in
terms of performance and simplicity, compared to the
rigorous nature and complexity in handling the bias and
MSE:s of the existing generalized combined ratio estimator T,
and the product-ratio estimators in double sampling T, and
Tael~

As shown in Table 8, minimizing the variance and mean
square error for optimal sample sizes in respect to the cost of
the survey on the existing estimator T,.,, as well as the
proposed estimators ¥/, and ¥, were computed. The
result shows that the proposed estimators give minimum
variance and means square error than the existing estimator
under double sampling.



56 Iseh Matthew Joshua and Bassey Mbuotidem Okon: Calibration Estimators for Population Mean with
Subsampling the Nonrespondents Under Stratified Sampling

6. Conclusion

This work was aimed at reducing the effect of biasness
and variance or mean square error as the case may be
because of nonresponse from the proposed estimator
through the concept of calibration. As seen from both the
efficiency comparison, and the numerical evaluations, the
proposed estimators outperformed the existing estimators,
even that of the double sampling design. It is evident to say
that the calibration technique suggests the best fit of
auxiliary variable into an existing estimator through the
formulation of constraint equation(s), and this
conceptualization guarantees stability in gains of efficiency
even with increase in the nonresponse and inverse sampling
rates, whereas the existing estimators considered in this
study, both single and two phase that adopt the
conventional approach of combining supplementary
information with the study variable cannot compete
favorably. The proposed estimators are also shown to be
preferred in terms of cost effectiveness and minimum
variance and mean square error. Consequently, if
nonresponse is only measured in the study variable and the
auxiliary variable is free from nonresponse, it will be
fruitful to adopt the concept of calibration for optimal result.
However, in a situation where the population mean is not
known, the authors have considered a case of double
sampling using calibration approach in future work.
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